G12 Mathematics Extended Part
Module 1 — Calculus and Statistics

Mock Examination

Marking Scheme

Section A (50 marks)

1.

1.

(a) Since E(X?)=423,

Date: January 2023

(=2)%(0.1)+(0)?(0.2) +(1)*(0.3) + @ (0.4) = 4.3 M
0.4a>+0.7=4.3
a’=9
a=13
Since a>0, a=3. 1A

(b) Method 1

E(X)
= (=2)(0.1) +(0)(0.2) + (1)(0.3) + (3)(0.4)
=13
E(3-2X)
=3-2E(X)
=3-2(1.3)
=0.4
Var(X)
=E(X?*)-(E(X))’
=43-1.3
=2.61
Var(3-2X)
= (-2)*Var(X)
=4(2.61)
=10.44

1A

M

1A
*1M for either



Method 2
EG-22) —~2(3)](0.4)
=[3(-2(—2)](0-1)+[3—2(0)](0-2)+[3—2(1)](0.3)+[3 2(3))(

* ¥

1A
Method 2.1
E((3-2X)%) 2
- 22 0.+ [-20) P 0D+ [3-20F 0+ ~2C)] S
**
=10.6
Var(3-2X)
=E((3-2X)*)-(E3-2X))’
=10.6-0.4° I
=10.44 A
**]1M for either
Method 2.2
Var(3-2X)
=E([(3-2X)-E(3-2X)]")
=E([3-2X)-0.4]%) 1M

=E((2.6-2X)2)
=[2.6-2(=2)](0.1) +[2.6 - 2(0)]2(0.2) +[2.6 — 2()T2 (0.3) +[2.6 — 2(3)]*(0.4)

* %k

=10.44 1A
**1M for either




(a) P(4nB)
=P(4|B)-P(B)
=1

<P (B)

P(AU B) = P(4)+P(B)-P(4NB)
9 1 1
2= +PB)-gPB)

1 5
—==P(B
4 6 B)

P(B) =13—0

(b) Method 1
P(A'NB)
—P(B)-P(4NB)

P(A'NB)
=P(4UB)-P(4)
91
20 5
1
4



(©)

-

Method 1

P(A'nB")
=1-P(4UB)
1-2

20
1
" 20

Note that A'n"B'=(4AUB)".

Method 2
P(A'nB")
=P(4")-P(A4'nB)
_ (1 _1)_1

5) 4

_n

" 20

Since P(4'"BY)#0, A4' and B' are not mutually exclusive.

1A fit.




3.

3

3.

(@)  Since P(X<10)=0.8413

® O

(b) (i)

10

o

0-
(0<z< ") 0.8413-0.5

N

0.3413

(0<Z<

10-4 _
2

u=8 1A
P(4)

=P(55X<6)

=1>(5'8 <Z< 6’8)

2 2
=P(-15<Z<-1)
=0.4332-0.3413
=0.0919

1A

P(B,)
=P(-1< X -t<]1)
=P(t-1<X <t+])
Since X is a normal random variable, P(B,) attains its greatest value

at t=p=8 and T=8. M

Then B, is the event that
T-1<X<T+l
8-1< X <8+1
7<X<9
It follows that ANB, =@ and P(4NB;)=0. M
Note that P(4)>0 and P(B;)>0.

Since P(ANB,)#P(4)P(B;), A and B, arenotindependent.
1A ft.



4. (a) Method 1

The required probability M
=(0.6)(1-0.7)+(0.3)(1 —0.8)+(0.1)(1—0.9) A
=0.25
Method 2

The required probability "
=1-[(0.6)(0.7) + (0.3)(0.8) +(0.1)(0.9)] "
=0.25

4. ®) (@O The required probability

= C5(0.25)*(1-0.25)* + C:(0.25)* (1-0.25) +(0.25)’ 1M
3 N
512

=0.103515625
=0.1035 (cor. to 4 d. p.)

4. (b) (ii) The probability that Harrods is late for school on
at least 3 consecutive days in the week given that
he is late for school on at least 3 days in the week

_ (3)(0.25)’(1-0.25)% +(4)(0.25)*(1-0.25) + (0.25)° 1M for numerator +
- 53 1M for denominator
512
_20
53

~0.37735849

<04
The claim is disagreed. 1A fit.



5. (a) (4 —e P )3

= 3_ 3 e
Y -C@emy+ ey -y M
=64-48e77 4 12e72Px _ g3
2
=64—48[1+(—Px)+(_px) +(”p")3+---] |
2! 31
2 3
+12|:1+(—2px)+(—2;x) +(—2;'x) +] & M
. 2 _J 3
1+ (3py + 8 G
X 3! J
9p2 7p3 3 1A

=27+27px———x* ———x" +---
2 2

2 3
Sp L[ 1P|

2 2

7p° +9p*-16=0

(p-1)(Tp*+16p+16)=0
p=1or 7p* +16p+16=0

Consider 7p* +16p+16=0. )
A
=16%-4(7)(16) g M
=-192
<0
It follows that 7p* +16p+16=0 has no real roots. )

Thus p=1. 1A



6.

s of x.
i i i 2 (x%) non-zero real value
(a) Since ris an integer, x*" =(x") for all

Th __Inx” I _ rinx x for all non-zero real values of x.
e g(x)= Inx*+1 Inx’+1 Inx’+1
limg(x)=3

2
rlr;x =3
x> |n x° +1
rinx?
I 1nx2
o Inx? +1
In x?
lim—~ —=3 IM
T —
Inx
L _3
1+0
r=3 1
3Inx?
(b) Note that g(x)= an for all non-zero real values of x.
Inx* +1
g'kx)
2
3[(—?)(ln x> +1)—(In xz)(z—f):l
_ x x
(Inx? +1)? tM
6

" x(Inx +1)?

The equation of the tangent to the curve y=g(x) at x=e is

—-g(e
y—8( )=g.(e)
x—e
_ 3Iné’
> Ine* +1 _ 6 M
- 2 2
x—e e(lne” +1)
y-2_2
x—e 3e
3ey—6e=2x-2e
2x-3ey+4e=0 1A




(a)

h'(x)
=2x+14—2
-2
Put h'(x)=0.
2x+14-7—3-=0
x
x*+7x2=36=0

(x=2)(x*+9x+18)=0
(x=2)(x+3)(x+6)=0
x=2(rej.) or =3 or -6

1M

M

Method 1 [First Derivative Test]

X

x=-7

—-T7<x<-6

x=-6

—-6<x<-3

x=-3 J

h(x)

_4l>
7

-60

=57

h'(x)

0

X

3<x<-1

h(x)

h'(x)

Method 2 [Second Derivative Test]

h"(x)
=2—72(

YL
X

h"(-6)

_i)
x3

144
(-6)’

=2+

4
3
>0

h"(=3)

144

=D s

-3y

10

3
<0




()

e ~1)=-85.
t h(-7)=-i‘§, h(=6)=—60, h(-3)= 57 and h(-1) ‘\

Note tha
1M for firs/second derivative test

The greatest value of h(x) is attained at x=-3 and the least value of

h(x) is attained at x=-1. A for both
Thus a=-3 and f=-1. 1A for bo

y
A
x=-3 xX= -1
—> X
o
(=3,-57)
(-6,-60)
\ y=h(x)
(_7,_23)
f (—1,_‘85) {
The required area
=~ hexyax
-1
=—J (x2+l4x+2)dx 1M for sign
N x and limits
[ -1
== —x3+14(lx2)+721nlx| M
3 2 B
r-l -1
oo o]
13 "
= 1_‘:?_*_721“3 ‘A

10



8.

(a) % ( x2ek )

= (2x)(eu2 ) + (xz )(ka‘ehz )

=2xe™ 424’ e
Let u=#k?. Then du =2kxdx.
It follows that

2kx’e™ =i(x2¢2"‘1)—2xe"’rl
dx
I?.kx’e“zdx=x2e'°‘2 -—I 2xe™ dx
3k 2 et _ L
_[2kxe dx=x"e ——Ie du
k
3 Kk 2 k? 1, '
Zkae dx=x’e" ——¢€"+C
k
3 kK 1 5 e |
Ixe =—x?e™ ———e" +C

2k 2k*

8. (b) (i) Since g—x—=xe 5

y=Ix3ehzdx
1 5w 1 e
=—x'e" ——e" +C
Y2k 2K
1 ). .
Put (0,1—51‘7) into the equation.

1 1 2 _k(0)? 1 k(0)?
1-—=—(0)’¢"" ———e"" +C
2k? 2k( ) 2k*

C=1
It follows that

o* ~1 2k

y-1 2 2
ln =k —In 2k
(kxz—l) (2k%)

1M

M

M

1A

1M

1A

11



8.

(b) (i) Note that the slope is .

1
k=—.

Method 1

When In yz—l )=0,
kx® =1

Jo —=In(2k*) =0

IM

This contradicts the fact that x*> >0 for all real values of x.

Method 2

(1)
Jo? —1

= kx* —In(2k*)

A 3
e2 (e2)2

=4-In2

>0
It follows that the graph does not have any intercept on the horizontal

axis.

The claim is incorrect. 1A fit.



Section B So Mmarks)

9. (a)

The required probability

e—l 10 e—l ll

+\
1! *

e'1?
2!

=2.5¢™!
~0.919698602
=0.9197 (cor. to 4 d. p.)

(@ {Note that the m

]

(b)

e e s i A i e s i i i i s i

1M for Poisson

probability
1A

S e I e e e

ote that the mean number of‘mistakeé intr;)duéed by the secretary to:

leaCh page of any document is A and the mean number of mis’(akeslI

Entroducﬂed by the secretary to any documentis 54. . I

o e e e o e e e

e'1?
&

e 19 )( e (5/1)2
0! 2!

1

2

2502 504

2

1

2
1

2542 +104 +1

2542 +104-5.25

A2 +0.41-0.21
(A=0.3)(1+0.7)
A

Since 420, 2=03.

1!
1!

e>*(52)°

0! 0.16
e~ (5/1)1 e 12 e (51)0 -

1! * 2! 0!

1M for numerator + 1M for denominator

Award even if A isused in place of 54

=0.16

0.16

=0
=0
=0
=03 or -0.7

13



h and
9. (b) (i) (1) The probability that a document prepared by Noa

; . : dalies
processed by his secretary contains no mistak

e-l 10 e—|.51 '50
=( ol J( o!

= e—2A5

The probability that a document prepared by Noah and
processed by his secretary contains exactly 1 mistake

(0180 (17 LS
{ 1! ]( 0! )J{ 0! J( 1!

=2.5¢%

The probability that a document prepared by Noah and
processed by his secretary contains exactly 2 mistakes

e\ e1°1.5° e e'1.5 e'1° e1°1.5?
:( 21 J( 0! )”{ T J( T J”{ 0! J( 21 )

=3.125¢7%°

The probability that a document prepared by Noah and
processed by his secretary is accurate
=e?° +2.5¢7° +3.125¢7*°

=6.625¢7°
The required expected number of mistakes

e’ 2.5¢7 3.125¢72°

=(0)| ———= |+ ()| = [+ Q)| =%

© (6.62562'5 . 6.625¢*° @) 6.625¢>°
1M for conditional probability + 1M for expected value

= —Z—g or 1.3208 (cor.to 4 d. p.) 1A

9. (b) (ii) (2) Therequired probability
=[C3(6.625¢ ™)' (1-6.625¢™ Y (6.625¢*)][C: (6.625¢**)* (1- 6.625¢ )]

1M for first factor + 1M for second factor

~ 0.056378512

= 0.0564 (cor. to 4d. p.) 1A

14



10. @) (j)

10. (a) (i)

10. ® G)

A 959, confidence interval for ]

=[352- 96[ &5 ) 3 25
96| = |,35.241.96( 25
( Tz 3524196 2= IM+1A
= (34.5875,35.8125) 1A

Let z be the critical value of the new confidence interval.

22 (%) <2(1.96) (%[6%] (1-20%) 1M
z<1.568
The confidence level of the new confidence interval
<2(0.4406)(100%) IM
=88.12%
1A

Thus 0<%k <88.12.

Let b cm? be the sum of squares of the deviations of the lengths of the
rods in sample B from the mean of the lengths of the rods in sample B.

2=(_2_)(1_2%) M
n n-1
n-1
—=0.98
n

n=50

15



10. ® G (@)

10. (b) (i) (2)

X

(352)(64) +1840 M
- 64+50
~35.90175439 *

=35.9018 (cor. to 4 d. p.)

m of squares of the lengths of the rods 1n

Let a cm? be the su

sample 4.
,p2 4 —(64)(35.2)° *%
' 641
a=79576.39 .
The sum of squares of the lengths of the rods in sample A4 18
79576.39 cm’.

)

_ [(79576.39+ 68018.25) - (64 +50)(35.90175439)"
(64+50)—1

~ 2.409310203
=2.4093 (cor. to 4 d. p.) *
** 1M for either + *1A for both

Let X cm be the mean of the lengths of the rods in sample D.

2

By the central limit theorem, X ~ N[;,%) approximately.

M

The required probability
=P(70X > 2500) 1A
(2500 -
=i}

~P Z>_79__
S

\ J70

.
35—(&—35.90175439
=P|Z> 70

2.409310203

. J70

~ P(Z > —0.651006016)

x~0.5+0.2422

=0.7422 1A

16



1. @ f '(x)

X ~1)? 1M
(x* =1)? -
_3xP—6x°
- (x* 1)
£7(x)
_ BB -6(5x))(x* =1) — (3x* —6x°)[2(x* ~1)(3x7)]
-1
_6x' (X’ -1)[(4x’ = 5)(x* =)= (3x° =6x")]
-1
_ 6x*(x® -3x* +5) 1A
-1y’
6x'% —18x" +30x*
-1y’

M

1. ® @ 1
- j°2 f(x)dx

. % (0— g—Z)J (£(-2) + 2[f(~1.6) + f(~1.2) + £(-0.8) + £ (-0.4)] + £(0)}

M

~-3.247832838
=-3.2478 (cor.to 4 d. p.) 1A

11. (b) (ii) |Method 1
J

=J° -2

2 X3—1

0 2x° +1
J, -1
* (x*-2x +1)-x°
Ja x -1
(0 (x’ —1)? —xb

J =2 f—l

dx

dx 1M

dx




S

Method 2

1
(X +D)+ =57 and "2 -1 -1

Note that Z =
ote tha x3_1 x3_1

4x* -2
x -1

=4+

x -1
6
=4+2\:f —(x3+1)] M
x -1

2x°

x -1

=2-2x"+

J

0 3
4x° —
[t

3
) x —1

0 2 6
=J (2—2x3+ 3x ]dx
) x -1
6

0 0
=-2[ (x3—1)dx+2j ad dx M

2 p—

1 0
=—2l:—x4—x] +21 M
4 -2

~ —2(—6)+2(—3.247832838)
~5.504334324
=5.5043 (cor.to 4 d. p.) 1A

11. (b) (iii) Note that £"(x)<0 forall -2=<x< 0.
The estimate in (b)() is an under-estimate. 1
From (b)(ii),
J=12+21
J >12+2(-3.247832838)
J >5.504334324
J>55

The claim is correct. 1A ft.

18



12. (@) Since
T'20 ang k>1, Tyks
dv L and In(T +)> 0.
ds?

300{\:[21n 1
_ (t+ "”(mﬂ (t+ k) =[In(t + k) (1)}

(t+k)? A
_ 300In(t + k)2~ In(r + k)]
(t+k)?

Since the rate of change of the speed of the particle is maximum T's after
the start of the experiment,

d*v

&,

300In(T +K)[2-In(T+K)] _
(T +k)

2-In(T +k)=0
In(T+k)=2
T+k=¢
Fed —k 1A

M

) . dv . )
Remark: As the existence of a maximum value of E is stated in the

2
question and Et; =0 gives rise to only one possible value of
t=T

T, testing for maximum is not necessary.

12. ®) (i) Method]l

Let u=In(t+k).Then du=—1——dt. 1M
t+k

When t=0, u=Ink and v=100(In2)’.
When t=T, u=In(T+k) and v=2800.

T 2
800—100(In 2)’ =J 300[n(e+ 0T 4, M
0 t+k
800—100(In 2)* =300 j:i"” u? du
1 2
8—(In2)’ =3[—u3] IM
3 Ink
8—(In2)’ =8-(Ink)’
k=2 1

19



Method 2 1

IM

=—dt.

Let u=In(t+k). Then du=-"7

v

=fwdg
t+k

= 300'|. u® du
= 300(1u’J+c
3
=100[In(t + k))* +C
When ¢t=T, v=800.
100[In(T + k)’ + C =800
100(2)* + C =800

C=0
When =0, v=100(In2)’.

100[In(0+ k)]’ + C =100(In 2)?

IM

100(In k)’ =100(In 2)*

k=2

12. () (i) %

1
*]1M for both

=[(2”)(1n2)(%ﬂ[log(%ﬂ +@¥) [zlog(%ﬂ T
TIn10

ol ol

d*v

M+1 -
2 log 2 _de?
In10 dt dv

dr

20



dE

—_—

dt -
= 2‘0819 dM 3 < gz_v-
( )(lnz)(Tt- )[log(g ):\ +(2| g; e+l lO Q dt2 (=T
r al, nto )| 2{del, )| v
dt t=T
1M
M \T
= (eln2)| L 300(2)”
)( dt r=7){log[ ez
) aM 1200\T
=(eln2)| —
)( dt t=T)\:log( 62 )]

(P

2
S[log[u? ]] M
dt |, e

2 2
0<(eln2) (d—M— ][log(g—?—o):\ < [log(l—zg—q)]
de |,_; e e
0< ﬂ < !
dt |, eln2
0< L) <1
dr |r

T s after the start of the experiment, the mass of the particle increases

at a rate below 1 unit/s.

The claim is agreed. 1A ft.

End of Marking Scheme

21



